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Abstract 

An asteroidal triple is a set of three independent vertices in a graph such that any 
two vertices in the set are connected by a path which avoids the neighbourhood of the 
third. A classical result by Lekkerkerker and Boland p0| showed that interval graphs 
are precisely the chordal graphs that do not have asteroidal triples. Interval graphs are 
chordal, as are the directed path graphs and the path graphs. Similar to Lekkerkerker 
and Boland, Cameron, Hoang, and Leveque |[T| gave a characterization of directed path 
graphs by a “special type” of asteroidal triple, and asked whether or not there was such 
a characterization for path graphs. We give strong evidence that asteroidal triples alone 
are insufficient to characterize the family of path graphs, and give a new characterization 
of path graphs via a forbidden induced subgraph family that we call sun systems. Key to 
our new characterization is the study of asteroidal sets in sun systems, which are a natural 
generalization of asteroidal triples. Our characterization of path graphs by forbidding sun 
systems also generalizes a characterization of directed path graphs by forbidding odd suns 
that was given by Chaplick et al. 0 - 


1 Introduction 

A graph G is chordal if every indueed cycle in G has at most three vertices. Gavril [[^ proved 
that a graph G is chordal if and only if G can be represented as the intersection graph of a 
collection of subtrees of some tree T. This result suggests the definitions of some subfamilies 
of chordal graphs: a path graph is the intersection graph of a collection of subpaths on a tree 
T, a directed path graph is the intersection graph of a collection of directed subpaths on a 
directed tree T, and an interval graph is the intersection graph of a collection of subpaths on a 
path P. It follows from the definitions and Gavril’s result that we have the following sequence 
of containments: 

Interval C DirectPath C Path C Chordal. 

These containments are each strict, and minimal graphs exhibiting this are shown in Figure 

* With apologies to Jack Edmonds 0. 
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Gi G2 G3 

Figure 1: Gi is in DirectPath \ Interval, G 2 is in Path \ DirectPath, and G 3 is in Chordal \ Path 


Another way of interpreting the definition of ehordal graphs is as a list of minimal for¬ 
bidden induced subgraphs', a graph G is ehordal if it does not eontain a Gk as an indueed 
subgraph for any k > A. The minimal forbidden indueed subgraphs are also known for eaeh 
of the families defined above: Lekkerker and Boland [[10 1 elassified interval graphs in this way, 
direeted path graphs were elassified by Panda [ [T4| , and path graphs were elassified Leveque, 
Maffray and Preissman [ |TT| (see Figure [^ for the minimal forbidden indueed subgraphs of the 
path graphs). 

If G is a graph, a set of three distinet and independent vertiees x, y,z m G is ealled an 
asteroidal triple if any pair of vertiees a, /? G {x, y, z} remain eonneeted in G if we delete 
the third vertex and its neighbourhood. These triples play an important role in the study of 
interval graphs: Lekkerkerker and Boland [ [T0| derived the list of minimal forbidden indueed 
subgraphs of interval graphs by first proving the following (now elassie) theorem. 


Theorem 1.1. A chordal graph G is an interval graph if and only if it does not contain an 
asteroidal triple. 

Interestingly, both Panda and Leveque et al. il!I10 list the forbidden subgraphs of di- 
reeted path and path graphs respeetively by direet proofs, leaving the eharaeterization of these 
elasses in terms of asteroidal triples open. For direeted path graphs, this problem was resolved 
by Cameron et al. 0. who gave a eomparable theorem to that of Lekkerkerker and Boland: 

Theorem 1.2. A chordal graph G is a directed path graph if and only if it does not contain a 
special asteroidal triple. 


A speeial asteroidal triple is an asteroidal triple where eaeh pair of vertiees in the triple 
must be eonneeted by some speeial subgraph: see Seetionj^for a further diseussion of this re¬ 
sult. Notably, a eharaeterization for path graphs via asteroidal triples of this type was explieitly 
left open by both [|T][rT[. 

We fill this gap. For k > 3, reeall that a graph G(l/, E) is a k-sun if V = G L) R where 
G = {ci\i G [fc]} is a elique (the core of the sun), R = {ri\i G [k]} is an independent 
set (the rays of the sun), and for all r* G R, N{ri) = {ci,Ci+i} mod k. The graph G 2 in 
Figure is the 3-sun. We define a generalization of the sun graph whieh we eall a sun system 
(Definition |2.6| ), and show that a graph is a path graph if and only if it does not eontain a “bad” 
sun system in a speeifie teehnieal sense (Theorem |2.9| ). A sun system ean be viewed as an 
asteroidal set of vertiees of possibly unbounded size whieh are mutually eonneeted by some 
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specific mediating structure, and in this sense we generalize the result of Cameron et al. [[2. 
This new characterization also generalizes a result of Chaplick et al. Q characterizing directed 
path graphs as path graphs which do not contain an odd sun as an induced subgraph. We then 
further discuss why characterizing path graphs solely by some “special” type of asteroidal 
triple will fail, as asteroidal triples alone are not enough to provide a certificate that a chordal 
graph is not a path graph on the underlying tree (Proposition |4.3| ). 

The outline of the rest of the paper is as follows. In Section we give the necessary 
preliminaries and state our main theorem. Section [^proves our main theorem, and Section]^ 
discusses how asteroidal triples are insufficient to characterize path graphs. In Section we 
discuss open problems suggested by this work. 


2 Definitions 


If a, b are integers with a < bwe let [a, b] := {a, a + 1,... ,b — 1, b}. If A and B are sets we 
write y4 [X] i? if both A B and B A holds. 


Definition 2.1. Let G be a graph. A tree T is called a clique tree of G if the vertices of 
T can be labelled with the maximal cliques of G such that the following holds: if v is any 
vertex in G then the subgraph T'" of T induced by the set of cliques containing v is connected. 
Furthermore, T is a clique-path tree if T is a clique tree and for every vertex v of G the 
subgraph is a path. 

As mentioned in the introduction, Gavril Q proved that a graph G is chordal if and only 
if G has a clique tree, where the subtrees of the clique tree give the intersection model of G. 
Similarly, Gavril also showed that a graph G is a path graph if and only if G has a clique-path 
tree 0. If T is a clique tree of a graph G and S' is a set of vertices then we use T[S] to denote 
the subtree of T of minimum size such that its set of vertices contains S. That is, for every 
clique node Q in T[S], Q H S 7^ 0. If Si, S 2 ,..., St are a collection of subsets of vertices then 
let 

r[Si,S2,...,Si] :=t[SiUS2U---uSi]. 

Leveque et al. gave the family of forbidden induced subgraphs for path graphs, which we 
reproduce in Figure 

Definition 2.2. A set of vertices S CV is asteroidal in G if for every e S, the set S \ {v} is 
in the same connected component after removing A^[w] from G. We only consider asteroidal 
sets with at least three vertices in order to avoid trivial cases, and so if |S| = 3 (the minimal 
case) then S is an asteroidal triple. 


The following result is folklore (see [ 12| for a proof). 


Lemma 2.3. Let G be a chordal graph and let u, v, w be an asteroidal triple in G. Then for 
each vertex a G {m, v^w} there is a unique maximal clique Qa containing a such that in any 
clique tree T ofG, T[u, v, w] has exactly three leaves Qu, Qv, Qw 
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Figure 2: The forbidden indueed subgraphs of path graphs [11|. 
indieates a elique. 


A eyele with bold edges 
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An immediate consequence of this lemma is the next proposition, which we will need later. 


Proposition 2.4. Let G be a chordal graph and let u, v, w be an asteroidal triple in G. If there 
is a vertex x such that u,v,w G N{x) then G is not a path graph. 

Recall that a collection S of sets Si satisfies the Helly property if for every subset T C S 
and every pair S'*, Sj e T, Sid Sj 7 ^ 0 implies P| 7 ^ 0. Our next goal is to define sun 

Si&T 

systems, which is used in our characterization of path graphs. To do so, we first introduce a 
flower. 

Definition 2.5. A flower IF = {Pi,..., Pt] is a collection of cliques that satisfies the Helly 
property such that Pi f We refer to f] Pi = G as the core of the flower, and the 

Pi ex Pier 

clique P* \ C as a petal of the flower 

Definition 2.6. A graph G is a sun system if the vertices of G can be partitioned as 1^ = P U P 
such that R is asteroidal and the induced subgraph of G on P is a flower P; G is non-trivial if 
|P| > 1. The asteroidal vertices in R are called rays. 

A sun system is just a fc-sun where the central clique has been replaced with a flower of 
cliques and where the “rays” no longer need to be connected cyclically to the core (cf. Figure 
1^. Suppose that G is a sun system on a flower F. Then since the set of rays R is asteroidal, it 
follows that for all r G P we have N{r) C F, and moreover N{r) 00 N{r') for all r, r' G P. 
In particular, no ray is in the neighbourhood of any other ray. 




Figure 3: A sun and a sun system. 

Figurej^illustrates a “generic” sun system, while the graph in Figure|^is a concrete exam¬ 
ple of a non-trivial sun system. In particular, the flower of Figure|^is formed by two maximal 
cliques (indicated by vertices x and y and the core outlined by the clique {u, v, w)), and three 
rays which are each adjacent to vertices in the core. 

'Note the connection between a flower and a sunflower (made famous by Erdos and Rado Q). To contrast, a 
sunflower is a flower where all the petals are not necessarily cliques but must satisfy the stronger condition 

(p \ c) n (p' \c) = 0 

instead of P cxi P'. 
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Figure 4: The graph Fii(8), a sun system from Figure 2, with its flower outlined on the right. 


In a sun system the rays can be adjacent to vertices in the core or vertices in the petals of 
the flower. For our characterization we will only need to consider rays with neighbourhoods 
of a certain type. 

Definition 2.7. Let G be a sun system on a flower T = {Pi,..., P*} with core C. A ray r 
of G is called intersecting if N (r) C C, and split on if there is a unique petal Pr in the 
underlying flower P such that N{r) C P^ and both A^(r) fl G 7 ^ 0 , N{j-) fl (P^ \ G) 7 ^ 0 . We 
say that P G P is split if at least one ray is split on P. 

For example, in the sun system outlined in Figure]^ all of the ray vertices are intersecting. 
These types of rays are useful for two reasons; first, if r is an intersecting or split ray then 
P[r] is a maximal clique in G (and so P[r] will appear as a vertex in the clique tree of G); 
second, if r is a split ray on a petal P then it can be shown that the maximal cliques N[r] and 
P must be adjacent in any clique tree of the sun system. Therefore, from here on in the paper 
we make the following assumption: 

All ray vertices in any sun system are intersecting or split. 

We may make this assumption since a graph G will be a path graph if and only if it does not 
contain a “bad” induced sun system, and so other ray vertices can be safely ignored. 

There are other useful consequences of the previous definition. In particular, if two ray 
vertices r,r' satisfy v G N(r) n N{r') for some v then the corresponding maximal cliques 
P[r], N[r'] must be connected in the subtree T’' of any clique tree T for G. In our charac¬ 
terization, sequences of ray vertices ri, r2, ..., rf that satisfy N{ri) fl N{ri+i) 7^ 0 play an 
important role for this very reason. It will be convenient to introduce a graph which captures 
these sequences of “neighbourhood-adjacent” ray vertices. 

Definition 2.8. Let G be a sun system with flower P and rays R. Let Pi, P2, ..., P^ and G 
denote the petals and the core respectively of the flower P. We define a new graph AP, called 
the auxiliary graph ofG, as follows. 

For each ray r G P, we introduce a new ray vertex f G , and for each split petal Pi, we 
introduce a petal vertex Pi- The edges of are as follows: 

• Add an edge between each pair of petal vertices p, p'. 

• For each pair of ray vertices r, r' add an edge if N{r)P[N{r') fl G 7^ 0 . 
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• For each pair f, p, add an edge if the ray r is split on the corresponding petal P. 

Now we state our main theorem. 

Theorem 2.9. A chordal graph G is a path graph if and only if it does not contain an induced, 
non-trivial sun system G where A'^ is non-bipartite. 

A ’’bad” sun system is therefore a sun system G whose auxiliary graph A^ is non-bipartite. 


3 Main Result 

The proof of Theorem |2.9| is by contradiction. So, assume that we have a chordal graph which 
contains a non-trivial, induced sun-system G such that A^ is not bipartite. Let O be an odd 
cycle in A^, and we split into three cases depending on what types of vertices lie on O. Before 
we begin in earnest, we prove two preliminary lemmas that will prove useful later. 

Lemma 3.1. Let G be a non-trivial sun system and let R' P R be a set of rays in G such that 
all rays in R' are split or intersecting. Let G denote the core of the underlying flower of G. 
Suppose that G is a path graph. Then there exist two maximal cliques Qi,Q 2 in G such that 
C C Qi n Q 2 , and in any clique-path tree ofG and for every r E R' the maximal clique iV[r] 
is adjacent to either Qi or Q 2 . 

Proof. Suppose not by way of contradiction, and let T be any clique-path tree of G. If Q is a 
maximal clique in G that does not contain a ray vertex r, then since G is a sun-system there 
must be a collection of cliques P R for some index set / such that 

Q = ^R. 

iei 


It follows that G P Q. 

Now, since each ray r E R' is split or intersecting, the set iV[r] is a maximal clique in 
G. So suppose that ri, r 2 , are three ray vertices such that iV[ri], iV[r 2 ], iV[r 3 ] are adjacent 
to three distinct maximal cliques Qi, Q 2 , Q 3 , respectively, in T. By Lemma 2.3 these three 
cliques iV[ri], iV[r 2 ], iV[r 3 ] are leaves in T[ri, r 2 , r^], and so they can not be adjacent to each 
other (or to any other maximal clique in G containing a ray vertex). Thus each of the cliques 
Qi, Q2, Qs must contain the core G of the underlying flower R of G. 

Let V denote the path in T connecting the three nodes Q\, Q2, Q3 — note that it must be 
a path, since G C n Q2 H Q3 and T is a clique-path tree — and assume by symmetry that 
Q2 is not one of the endpoints of V. Towards contradiction, choose any vertex v E N[r2\ fl G: 
it follows that v E Qi H Q2 Q3 D N[r2], and so the tree is not a path. □ 


Lemma 3.2. Let G be a non-trivial sun system with underlying flower R, let P be a petal in 
R, and let r be a ray of G that is split on P. Then in any clique tree T of G the clique iV[r] is 
adjacent to P. 
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Proof. Let R be the set of asteroidal rays in G. By the definition of a split ray, we know r 
has neighbours in exactly one petal P, and all other neighbours of r lie in the core of R. Let 
p G P be a neighbour of r in P. Let T be any clique tree of G. Since p is contained in P and 
no other petal, it follows that any maximal clique that contains p must be either the petal P 
or a maximal clique containing some ray vertex adjacent to p. This means that if iV[r] is not 
adjacent to P, then it must be adjacent to some maximal clique N[r'] containing the vertex p. 
But since r and r' are both asteroidal, it follows that in the clique tree T[R] the cliques N[r] 
and A^[r'] are both leaves, which is a contradiction. □ 

We first consider the case where the odd cycle O consists solely of petal vertices. First, 
note that the petal vertices of form a clique. Thus if contains at least three petal vertices 
then A'^ contains a triangle as an induced cycle in a clique on |0| >3 vertices. 

Lemma 3.3. Let G be a non-trivial sun system such that A^ has three or more petal vertices. 
Then G is not a path graph. 

Proof. Let G be a non-trivial sun system such that A^ has three or more petal vertices, and 
assume by way of contradiction that G is a path graph. Let P denote the underlying flower of 
the sun system G, and let Pi, P2, P3 denote the three split petals in P guaranteed by assump¬ 
tion. It follows that there exists three ray vertices ri, r 2 , such that r* is split on Pi for each 
i = 1, 2, 3, and note that the definition of a split vertex (Definition |2.7| ) implies that the three 
ray vertices are distinct. By the definition of a sun system we know that the three vertices 
ri, r2, rs are asteroidal. 

Let T be any clique-path tree of G. By definition of a flower, the sets Pi, P2, P3 are each 
maximal cliques in G and so it follows that they are vertices in the clique tree. By Lemma 
|3.2| the sets Ni and P* are adjacent in the clique tree for all i, so applying Lemma [3T] yields a 
contradiction since Pi, P 2 , ^3 must each be adjacent to one of two maximal cliques. □ 

Corollary 3.4. Let G be a non-trivial sun system such that A^ has an odd cycle O consisting 
entirely of petal vertices. Then G is not a path graph. 

Next we consider the case where the odd cycle O consists only of ray vertices. We show 
that either three of the rays must share a core vertex in their neighbourhood (an easy contra¬ 
diction against Proposition |2.4[ ), or a certain type of “parity obstruction” exists in the clique 
tree. 

Lemma 3.5. Let G be a non-trivial sun-system such that A^ has an odd cycle O consisting 
only of ray vertices. Then G is not a path graph. 

Proof. Assume that G is a path graph by way of contradiction, and let O = {ro, ri, ..., rt_i}, 
ordered so that r*, r^+i (mod t) are each adjacent for all i in A^. By Proposition |2.4| we know 
that there is no vertex u G G such that the neighbourhood of v contains three distinct rays. In 
particular, this implies that every core vertex is adjacent to at most two rays in O. Let T be a 
clique-path tree of G. By Lemma |3T| there are two maximal cliques Qo, Qi in T such that the 
maximal clique Nfi] is adjacent to either Qo or Qi inT for alH G [0, f — 1]. 
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If r,r' E O are adjacent rays then N[r], N[r'] cannot be adjacent to the same maximal 
clique in T. To see this, let v G A^[r] n N[r'] n C, and assume w.l.o.g. that iV[r], N[r'] are 
both connected to Qq. Then v G Qo H Qi and so it follows that T’' is not a path, which is a 
contradiction. 

So, suppose w.l.o.g. that iV[ro] is adjacent to Qq. Then the previous fact combined with an 
easy induction shows that N[ri] is adjacent to Qj where j = i (mod 2). Since t is odd, t — 1 
is even, and so iV[ro] and N[rt] are both adjacent to Qq, which is a contradiction. □ 

Finally we consider the case where the odd cycle can touch both petal and ray vertices. 
Once again we show that the “parity obstruction” must exist. 

Lemma 3.6. Let G be a non-trivial sun-system such that has an odd-cycle O containing 
petal and ray vertices. Then G is not a path graph. 

Proof. Assume not, by way of contradiction, and let T be a clique-path tree of G. Let F 
denote the flower of G. By Lemmawe may assume that has at most two petal vertices. 
We break into two sub-cases. 


Case 1: O contains exactly one petal vertex. 

Let p be the unique petal vertex in O, and let tq, ri,..., rt-i be the ray vertices. Write 
O = {p, ro, Ti,..., Tt-i} where and rj+i (mod t) are adjacent for all i, and wherep is adjacent 
to ro and rt_i. Let P be the petal in P corresponding to the petal vertex p. Since both Nfo] 
and A^[rt_i] are adjacent to p, it follows that the rays ro and rt_i are both split on P, which 
by Lemmaimplies that A^[ro] and A^[rt_i] are both connected to P in T. By Lemma 3.1[ 
there exists two maximal cliques Qo,Qi containing the core of the flower P such that Nfi] 
is adjacent to either Qq or Qi for all i. Clearly one of these two cliques must be P, so assume 

P = Qo. 

As we argued in Lemma 3.5, we have that A^[rj] and A^[ri+i] are not adjacent to the same 


clique in T for each i. Thus, if A^[ro] is connected to Qq, an easy induction implies that A^[rj] 
is adjacent to Qj for j = i (mod 2). Since there are an even number of ray vertices, it follows 
that f — 1 is odd, and so N[t — 1] is adjacent to Qi, a contradiction. 

Case 2: O contains exactly two petal vertices. 

This case is similar to the previous case. Now, let po, pi be the two petal vertices and again 
let ro, ri, ..., rt-i be the ray vertices. Write O = {po, ro, ri,..., rt_i, pi}. Let Pi be the petal 
in the flower P underlying G corresponding to the petal vertex p^. Since ro is adjacent to 
Po and rt-\ is adjacent to pi. Lemmaimplies that A^[ro] is adjacent to Po and A^[rt_i] is 
adjacent to Pi. By Lemma [3Tj there exists two maximal cliques Qo, Q\ containing the core 
of the flower P such that Nfi] is adjacent to either Qq or Qi for all i. These two cliques must 
therefore be Po, Pi, and so let Qo = -Po, Qi = -Pi- Note again that ./V[ro] is adjacent to Qq and 
N[rt-i\ is adjacent to Qi. 

As we argued in Lemma 3.5, we have that A^[rj] and A^[ri+i] are not adjacent to the same 


clique in T for each i. Thus, if A^[ro] is connected to Qq, an easy induction implies that A^[ri] 
is adjacent to Qj for j = i (mod 2). Since there are an odd number of ray vertices in O, it 
follows that f — 1 is even, and so A^[t — 1] must be adjacent to Qq, a contradiction. □ 
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Theorem [2^ follows as an easy eonsequenee of these three lemmas. 


Proof of Theorem |Z9] By way of eontradietion, suppose that G is a path graph that eontains a 
non-trivial, indueed sun system G where is non-bipartite. Then A'^ must eontain an odd- 
eyele O whieh lies eompletely on the petals, eompletely on the rays, or on both. However, 
eaeh of these eases are impossible by Corollary |3.4| and Lemmas 3.5 3.6[ respeetively. Thus 
A^ must be bipartite. 

For the reverse direetion, it is a simple matter to eheek eaeh of the forbidden indueed 
subgraphs for such a “bad” sun-system G. Rather than do this for each of the forbidden 
induced subgraphs, we collect the families of forbidden induced subgraphs from Figure]^ into 
sets according to where the odd cycle appears in the auxiliary graph A^. 


1. In Fi, F 2 , F 3 , F 4 , Fs, the asteroidal triples are each adjacent to a universal vertex. It is 
easy to construct a sun system with the asteroidal triples as rays and the universal vertex 
in the core; this yields an odd cycle on the ray vertices in A^. 

2. In Fg, F 7 , the top layer of vertices is the core, the second layer of vertices form three 
petals, and the third layer of vertices are the rays. The rays are therefore split on three 
distinct petals, which forms an odd cycle on the petal vertices in A^ 

3. In Fii, Fi 2 , there are two petals which overlap in the large central clique. Each of the 
rays are attached to the central clique — this forms an odd cycle on the ray vertices in 


4. In Fi 4 , Fi 5 , we have two central cliques (one containing the central vertex, and one that 
does not). Each of these cliques form a petal, and the two bottom rays are split on a 
single petal. This forms an odd cycle on the rays and petals (with a single split petal) on 


5. In Fi 3 and Fig there are two central cliques corresponding to the central vertices that 
form the two petals. The two bottom rays are each split on different petals, and so this 
forms an odd cycle on the rays and petals (with two split petals) on A^. 


□ 


4 Remarks on Asteroids and Special Connections 

We next discuss why asteroidal triples alone are not enough to characterize path graphs. 
Cameron et al. |[TJ gave an interesting characterization of directed path graphs by forbidding 
asteroidal triples with some “extra structure”, and they ask whether such a characterization 
could be given for path graphs. Here we argue that a characterization of this type is not possi¬ 
ble. 

Eirst, let us examine|^the argument by Cameron et al. A pointed graph is a tuple (G, m, u), 
where G is a graph and u,v G G are two distinguished, distinct vertices. If ^ = (G, u, v) 

^Our presentation here is slightly different than that of Cameron et al. Q 
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and Q' = {G',u',v') are pointed graphs, then an isomorphism 0 between Q and Q' is an 
isomorphism 0 from G to G' such that (f){u) = u' and (f){v) = v' . If 5 is a family of pointed 
graphs and G is a graph with two distinguished vertices u^v, we say that u and v are S- 
connected in G if there is an induced subgraph H of G containing u and v such that (i/, u, v) 
is isomorphic to some pointed graph in 5. A set of vertices T in G is an S-asteroidal set if T 
is an asteroidal set and every pair of vertices in T is 5-connected. The next class of pointed 
graphs was introduced in [|T|. 

Definition 4 . 1 . The family iSdirected contains the following set of pointed graphs, each classified 
into one of four types. The two distinguished vertices will always be labelled u, v. (See Figure 

0 

lypel : The 3-path (P 3 , u, v), with endpoints u, v distinguished. 

Type 2: The graph defined by vertices {u, v,a,b, c, d} and edges ua, uc, ab, be, ac, bd, cd, bv, dv. 

Type 3 : The graph defined by vertices u, v, a, b, c, d, x, y, with triangles {u, a, c} , {n, b, d}, 
and 4-cliques {a, b, c, d}, {x, a, b, c}, and ‘{y, a, b, d}. 

Type 4 : For any t > 1, the graph defined by vertices u, v, zq, ■ ■ ■, Z 2 t+ 2 , , z' 2 t, where 

vertices zq,. .., Z 2 t +2 form a clique and vertex z'j. (for 0 < k < 2t + 1, with z'^ = 
u, ^ 24+1 = v) is adjacent to Zk and Zk+i- 


a b 


U W V 

9 - 9 -• 

Type 1 

X y 





of “special connections” Q. 


The main result of Cameron et al. 0 is the following: 

Theorem 4.2. A chordal graph G is a directed path graph if and only if G does not contain 
an SdWected-(isteroidal triple. 
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At the end of their paper, Cameron et al. ask whether or not it is possible to give a eharae- 
terization of path graphs using some “speeial type” of asteroidal triples. Of course, if we use 
the framework outlined above, there is a simple (albeit unsatisfying) answer. Define 

‘5path = {(G, u,v)\G is a forbidden induced subgraph of path graphs and m, n G G} . 

Clearly if a chordal graph G contains an 5path-asteroidal triple then G is not a path graph 
for the simple reason that G would contain a forbidden induced subgraph of path graphs. 
However, this argument is a “cheat” in that it is not using any asteroidal structure. 

The next proposition gives strong evidence that it will be difficult to give any nice char¬ 
acterization of path graphs using only asteroidal triples. Intuitively, it says that there exists a 
family of chordal, non-path graphs G which have many asteroidal triples, but for every aster¬ 
oidal triple there is a way to construct the clique tree for G such that examining the asteroidal 
triple in the clique tree does not certify that G is a path graph. One such family is the family 
of subgraphs Fn^Ak) from Figurefor k > 3. Figure below depicts the graph from this 
family corresponding to k = A. 



Proposition 4.3. Consider G = Fii{Ak) for any k > 3 (cf. Figure^ and let A be any 
asteroidal triple in G. Then there exists a clique tree Ta ofG such that for every r E A and 
every v G N{r), T\ is a path in Ta- 

Proof Let x, y denote the two central vertices in G, and let R be the set of rays. Since k >3 
we know that |i?| > 3, and clearly G has \R\ + 2 maximal cliques: the two “central cliques” 
Qx, Qy containing x and y, respectively, and a triangle for each ray r E R. It is easy to 
see that A C R, and note that at least two of the vertices r,F E A satisfy N{r) fl N{r') = 0 
since \R\ > 3. We define the clique tree Ta as follows. Connect the vertices Qx and Qy. If 
r,r' E A are distinct and satisfy N{r) fl N{r') = 0, attach Qr and Qr' to Qx, and otherwise 
connect Qr to Qx and Qr' to Qy. Connect all other cliques Qr* to Qx or Qy arbitrarily. Then 
for every r E A and v E N{r) it is easy to see that is a path. □ 

A chordal graph G is not a path graph if and only if it does not have a clique-path tree — 
or, in other words, if for any clique tree of G there must be a vertex v E G such that T" is not 
a path. Thus, if we were able to define some “special type” of asteroidal triple that obstructed 
the existence of a clique-path tree we would have to use this triple to show that in any clique 
tree T of G there is a vertex v such that T"" is not a path. The previous proposition shows that 
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if G is a chordal, non-path graph, A is any asteroidal triple in G, and T is any clique-tree of 
G, then it is not sufficient to study the local structure of A in T in order to show that G is not 
a path graph. In the new characterization (cf. Theorem |2.9[ ) the case of Fn(4k) for A; > 3 falls 
under Lemma 3.5 where the obstruction in the clique-tree is due to the parity argument that 
must examine all of the asteroidal vertices at once. 


5 Conclusion 


Theorem |2^ gives a new characterization of path graphs by forbidding particular sun systems 
from chordal graphs. Additionally, we give some strong evidence that asteroidal triples are 
not enough to capture the underlying structure of path graphs. 

One of the main open problems with respect to path graphs is a linear time recognition 
algorithm. Both interval and chordal graphs have 0(m+n) time recognition algorithms [ 4|T5 |. 
A linear time recognition algorithm for path graphs was proposed in Q, but is not considered 
correct (we refer the reader to Section 2.1.4 in Q). Chaplick et al. showed that recognition of 
directed path graphs is no more difficult than the recognition of path graphs Q. In Q, Gavril 
gave the first recognition algorithm for path graphs that runs in 0(n‘^) time, and Schaffer [ 161 


then Chaplick [[^ gave 0{mn) time algorithms. We raise the question whether the structure 
of sun systems can lead to a faster than 0{mn) time recognition algorithm for path graphs. 

There are also several “structural” open problems suggested by our work. Our character¬ 
ization of path graphs should be contrasted with the characterization of directed path graphs 
by Chaplick et al. Q by forbidding odd suns. We raise the question of whether the maximum 
cardinality clique search algorithm developed in Q to recognize directed path graphs - and 
extract an odd sun if one exists - can prove useful for the recognition of sun-systems and thus 
of path graphs. Also, recall that the classical characterization of interval graphs by forbidden 
induced subgraphs — given by Lekkerkerker and Boland pB| — proceeds by first using the 
characterization of interval graphs as chordal graphs which are asteroidal-triple free. Since the 
“bad” sun systems have a particular structure on their asteroidal vertices, it is natural to ask 
whether we can use them to give a simplified proof of the characterization of path graphs by 


forbidden induced subgraphs [ 111. 
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